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Mechanical p r o p e r t i e s  of a s o l i d  a r e  formulated i n  
t e r m s  of microscopic  behavior  as a r e s u l t  of deformation 
and o r i e n t a t i o n .  The r e l a x a t i o n  behavior  o f  the o r i e n t e d  
s o l i d  i s  obtained by cons ider ing  s t a t i s t i c a l l y  the v isco-  
e l a s t i c  micro behaviors .  It i s  found t h a t  var ious  an i so -  
t r o p i c  r e l a x a t i o n  func t ions  can be expressed as a s i n g l e  
time-dependent f u n c t i o n  under c e r t a i n  condi t ions .  The 
time-dependent macroscopic f r a c t u r e  s t r e n g t h  i s  a l s o  
analyzed f o r  the o r i en ted  system us ing  known r e s u l t s  f o r  
a completely o r i e n t e d  system. 
*Supported i n  p a r t  by t h e  Nat ional  Aeronaut ics  and Space 
Adminis t ra t ion  
INTRODUCTION 
I n  t h i s  r e p o r t  a phenomenological theory  of the 
t i m e  dependent c h a r a c t e r i s  t i c s  of a n i s o t r o p i c  r e l a x a t i o n  
f u n c t i o n s  as w e l l  as s t r e n g t h  of o r i e n t e d  v i s c o e l a s t i c  
media i s  presented.  I n  obta in ing  the r e l a x a t i o n  f u n c t i o n s  
v i s c o e l a s t i c  behavior  f o r  microscopic components i n  the 
media has been considered.  However, i n  formula t ing  the 
cond i t ions  of t h e  time-dependent f r a c t u r e  s t r e n g t h ,  v i scous  
behavior  was not  taken i n t o  account as f r a c t u r e  i s  un- 
l ike ly  t o  occur  when flow deformation e x i s t s .  Thus the 
a n a l y s i s  applies t o  e l a s t i c  medium, bu t  the  n a t u r e  of 
molecular  o r i e n t a t i o n  e f f e c t  r e s u l t e d  i n  from large flow 
deformation was included.  Essentially, attempts are made 
t o  extend a n  earlier theo ry  i n v e s t i g a t e d  du r ing  the las t  
f e w  years. The b a s i c  mathematical  model i s  a ma t r ix  
of o r i e n t e d  l i n e a r  e l a s t i c  elements embedded i n  a n  
a r b i t r a r y  domain. The elements r e p r e s e n t i n g  molecular  
f o r c e s  c o n s t i t u t e  a n  i d e a l  medium which has been found 
q u i t e  u s e f u l  i n  p r e d i c t i n g  macrobehavior i n c l u d i n g  
u l t i m a t e  s t r e n g t h  under s imple  e x t e r n a l  l oad ing  condi t ions .  
Assuming the homogeneity of the medium, the macroscopic 
p r o p e r t i e s  can be deduced through the  a n a l y s i s  of the 
state of stress i n  a s m a l l  neighborhood of a p o i n t  
attached with microscopic  c o n s t i t u e n t s  r ep resen ted  by 
deformable vec to r s .  I n  s p h e r i c a l  coord ina tes  ( e , @ )  
the stress t e n s o r  a t  a po in t  may be expressed as fo l lows:  1,2: 
- - I -  ^-^^ I a 
w L 1 c L - c  p [v, G, 6 1 5 s  t1.e density of picotjability d i ~ t ~ i b i ~ t i ~ f i  
f u n c t i o n  of o r i e n t a t i o n  a s soc ia t ed  w i t h  a s t a t e  of s t r a i n  E, 
f ( e ,@, t )  i s  the f r a c t i o n  of e lements  that  are a v a i l a b l e  a t  
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t he  t i m e  of cons idera t ion .  @(0,@)  i s  t h e  stress i n  the 
a x i a l  d i r e c t i o n  of a n  element i n  the matr ix .  si- and s 
a r e  u n i t  v e c t o r s  whose components i n  s p h e r i c a l  coord ina tes  
a r e  (sinOcos#, s i n @ s i n @ ,  c o s @ )  and dto i s  t h e  i n f i n i t e s i m a l  
s o l i d  angle .  
For small deformations the complete matrix w i l l  have 
l i t t l e  o r  no o r i e n t a t i o n  e f f e c t  . However, when deformations 
become apprec iab le ,  the  o r i e n t a t i o n  o f  microelements must 
j 
be taken  i n t o  cons ide ra t ion  i f  s i g n i f i c a n t  r e s u l t  i s  t o  
be obtained.  T h i s  can be accomplished through t h e  use of 
p ( @ , $ , & )  i n  terms of  a s t a t e  of s t r a i n  E.  Depending upon 
t h e  n a t u r e  of molecular  c o n s t i t u t i o n ,  two extreme cases  
o r  the i r  combinations may be considered.  For randomly 
o r i e n t e d  elements,  i f  E is  a s imple homogeneous l a r g e  
s t r a i n :  1 
where p ( o )  = 1/4~ i s  a constant  r e p r e s e n t i n g  a random 
d i s t r i b u t i o n  d e n s i t y  func t ion  of o r i e n t a t i o n .  I n  t h e  
case  if the elements  are connected by f l e x i b l e  j o i n t s ,  
then:  2* 
where a i s  a s s o c i a t e d  w i t h  E as fo l lows:  
8a a+l 
E = 1 + -1n- 2a  a 2-1 
The q u a n t i t y  f ( @ , @ , t )  i s  d e r i v a b l e  from the theory  
of a b s o l u t e  r e a c t i o n  r a t e  as 
*For a d d i t i o n a l  r e f e r e n c e s  r e f e r  to 2. 





are r e s p e c t i v e l y  the r a t e  c o e f f i c i e n t s  f o r  re format ion  and 
breakage of e lements .  
c o n s t a n t s  and T i s  the a b s o l u t e  temperature .  
my. %, y, @, U and R are material 
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MACROSCOPIC RELAXATION FUNCTIONS 
I n  determining macros c opi c re  l axa  t i on f unc t i ons , 
m e  way i s  t o  estteiid t h e  forrriulation (1) through the 
cons ide ra t ion  of t h e  v i s c o e l a s t i c  behavior  of t h e  i n -  
d i v i d u a l  micro-elements. 
equa t ion  of ind iv idu=r l  elements I s  b.uLloldei-ed, the stress 
i n  gene ra l  i s  e x p r e s s i b l e  as a f u n c t i o n a l  of deformation 
h i s t o r y  s u b j e c t  t o  t h e  r e s t r i c t i o n s  imposed upon by the 
p r i n c i p l e s  of o b j e c t i v i t y .  Under s u i t a b l e  r e s t r i c t i o n s  
and f o r  small f i n i t e  deformations e, $ ( t )  can be expressed 
as 
I f  a one-dimensional c o n s t i t u t i v e  
t 
@(t )  = L E ( t  - -c)G(T)d-c 
t t  
i- . . . . . . . 
where t h e  k e r n e l  func t ions  E, F, e t c ,  depend upon t h e  
microscopic  r e l a x a t i o n  behavior  of t h e  elements.  
deformation e i s  small ,  t h e  f i r s t  i n t e g r a l  i n  ( 7 )  a lone  
w i l l  be  s u f f i c i e n t  f o r  a good r e p r e s e n t a t i o n  o f  t h e  
v i s  coe la s  t i  c behavior .  
w i l l  also be a smooth func t ion .  
i n  view of ( 7 )  w i l l  show that f ( t )  i s  a l s o  a smooth 
f u n c t i o n  of time f o r  a given i n i t i a l  value fo. 
s t a r t i n g  wi th  a number of unbroken elements  fo t h e  t r a c t i o n  
f o r c e  c o n t r i b u t i o n  by t h e s e  elements a t  any t i m e  t w i l l  
depend upon t h e  e n t i r e  h i s t o r y  of f(t) dur ing  t h e  t ime 
i n t e r v a l  ( 0 ,  t )  i n  view of ( 5 )  and ( 7 ) .  T h i s  c o n t r i b u t i o n  
w i l l  i n c r e a s e  o r  decrease  according t o  t h e  number of 
unbroken elements  i n c r e a s e s  or dec reases ,  
or breakage of t h e  elements  i n  an i n t e r v a l  
If t h e  
For a smooth func t ion  e ( t )  i t  can be shown t h a t  $(t) 
Then an  i n s p e c t i o n  of ( 5 )  
Therefore,  
Any re format ion  
(0, T) sma l l e r  
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t h a n  (0,  t) w i l l  a f f e c t  the t r a c t i o n  f o r c e  c o n t r i b u t i o n  
a t  t i m e  t ,  
p r i n c i p l e  w e  can modify (1) as  
Then through t h e  a p p l i c a t i o n  of s u p e r p o s i t i o n  
f 
Assuming ?cl(t) t o  be a d i f f e r e n t i a b l e  func t ion ,  w e  can 
write (8) as 
provided t h e  i n t e g r a l s  e x i s t .  
re format ion  o r  breakage of  elements i n  the past will 
i n f l u e n c e , i n  a c o n s i s t e n t  manner, the  t r a c t i o n  f o r c e  
c o n t r i b u t i o n  o r  s t ress  t e n s o r  a t  t i m e  t then  ( S I  can f u r t h e r  
be modif ied as 
If we assume now that  any 
S u b s t i t u t i n g  f o r  q ( t )  from ( 7 )  i n t o  ( 1 0 )  w e  o b t a i n  
i j  n n  
Lu 
t 7 
Simpl i fy ing  f u r t h e r  w e  get  
+ 
f....... 
For s i m p l i c i t y ,  here, the higher  o r d e r  terms a r e  n o t  shown. 
. 
7 
Through t h e  use  Of Laplace t ransform i t  can be shown tha t  





which can be computed. 
t e n s o r  de f ined  as Ciim (t) = C m i j ( t ) .  
p a r i s o n  wi th  t he  t r a n s v e r s e l y  i s o t r o p i c  e l a s t i c  s o l i d  
as r e p o r t e d  i n d i c a t e s  t h a t  t h e r e  are only 
th ree  independent t i m e  dependent f u n c t i o n s  involved i n  
( 1 4 ) .  I n  gene ra l  f o r  a t r a n s v e r s e l y  i s o t r o p i c  s o l i d ,  
which can be r e su l t ed  i n  f r o m  a u n i a x i a l  o r i e n t a t i o n ,  
t h e r e  are f i v e  independent func t ions  Ci jm ( t ) .  
absence of two of these func t ions  i n  t h e  p r e s e n t  case  
can be a t t r i b u t e d  t o  the l i m i t a t i o n  on the s imple 
model f o r  which the  Cauchy r e l a t i o n s  a r e  i d e n t i c a l l y  
sa t i s f ied .  A more gene ra l  model may remove t h i s  l i m i -  
t a t i o n .  
Here C I J m ( t )  i s  a s ~ m . ~ ~ e t r i c a l  
Also, the  com- 
The 
I n  o rde r  t o  determine C i j m  (t) from ( 1 4 )  i t  i s  
necessa ry  to s o l v e  (5 )  which by no means i s  a n  easy  
task.  Only numerical  method of s o l u t i o n s  of ( 5 )  and 
(14 )  w i l l  produce some concre te  r e s u l t s .  However, 
i n  some cases  a s  when f i n  (5 )  may be a s lowly vary ing  
func t ion ,  i . e .  f 0 the e v a l u a t i o n  of ( 1 4 )  i s  some- 
what easier, 
f ( @ , $ , t )  = f ( t ) ,  ( 1 4 )  takes a ve ry  simple form 




where only one t i m e  dependent f u n c t i o n  i s  involved .  
i n  t h i s  case ,  r e f e r r i n g  to a s p h e r i c a l  coord ina te  
system and l o c a t i n g  t h e  d i r e c t i o n  of any r e p r e s e n t a t i v e  
element by a n g l e s  E3 and @ t h e  j o i n t  p r o b a b i l i t y  d i s t r i -  
b u t i o n  f u n c t i o n  i s  
8 
F i n a l l y  i f  p(@,@,E)  i s  given a s  i n  ( 2 )  t h e n  
5 1 2 2  ( t )  = &(0)[1 - 2F1 + F2]Gf t )  - 
1 1 2 1 s i n - l k  
k 2  k 
where F =-E1 -(1 - k >2 
2 2 s i n - l k  
F 2 z 3 - k  - 3 ( 1 - k ) 2  k 
2 k E 1 - (1 + E)-3 
and t 
These r e s u l t s  show t h a t  i f  G ( t )  i s  determined exper imenta l ly  
by one type  of t e s t ,  t h e n  all t h e  a n i s o t r o p i c  f u n c t i o n s  
are o b t a i n a b l e  by mul t ip ly ing  w i t h  t h e i r  corresponding 
c o e f f i c i e n t s .  F ig .  1 shows the  v a r i a t i o n  of t h e s e  coef -  
f i c i e n t s  i n  E l  A f o  where 1 i s  l e n g t h  of t h e  elements  and 
A t h e  number of e lements  i n  a u n i t  volume. It i s  i n t e r e s t i n g  
t o  observe t h a t  i f  a system l i k e  t h i s  ex i s t s ,  t h e  a n i s o t r o p i c  
r e l a x a t i o n  f u n c t i o n s  behave very much a l i k e .  T h i s  seems 
reasonab le  as a molecular  system i s  e s s e n t i a l l y  composed 
of similar molecular  elements.  Under load  somewhat s i m i l a r  
behavior  may be expec ted .  
2 
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TIPE DEPENDENT MACRO-STRENGTH 
I n v e s t i g a t i o n s  concerned w i t h  t he  t i m e  dependent 
f r a c t u r e  of completely or ien ted  s o l i d s  under s imple 
l o a d i n g  cond i t ions  have b e e n  r e p o r t e d .  4y 
c o n s i d e r a t i o n s  f o r  p a r t i a l l y  o r i e n t e d  systems under 
g e n e r a l  l o a d s  a r e  n o t  yet  a v a i l a b l e .  The t i m e  dependent 
f r a c t u r e  o f  any medium can be s t u d i e d  by s o l v i n g  ( 5 )  
and (12)  t o g e t h e r  w i th  a f r a c t u r e  c r i t e r i o n .  Here w e  
are  looking  f o r  a r e l a t i o n  between t ime- to - f r ac tu re  tb 
and a p p l i e d  stresses o (t). I n  d e a l i n g  wi th  such a 
problem, the large flow deformation i s  considered t o  
c o n t r i b u t e  to t he  molecular  o r i e n t a t i o n  only whereas 
t h e  small e l a s t i c  deformations w i l l  govern t h e  f r a c t w e  
mechanism of  the elements  and t h u s  the s t r e n g t h  of t h e  
s o l i d .  
Under moderate and l a r g e  l o a d i n g  cond i t ions ,  
c o n s i d e r  (1) i n  the fo l lowing  modified form.  
A n a l y t i c a l  
i j  
where, i n  t he  absence of re format ion  p rocesses  i . e .  
Kr E 0, f sat isf ies  
and 
For  cons t an t  l oad ing  oi 
of ( 1 7 )  w i t h  r e s p e c t  to t gives 
= cons tan t ,  d i f f e r e n t i a t i o n  
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Mul t ip ly  (18) by p ( ~ , @ , ~ ) s p ~ + ( @ , @ , t )  and i n t e g r a t e  Over 
t h e  e n t i r e  volume t h e n  
i '  where f i s  n o t  z e r o  a t  a l l  t i m e s  and f o r  any s 
(19 )  w e  can show t h a t  t h i s  equat ion  i s  sa t i s f ied  
Using 
only i f  
T h i s  ho lds  t r u e  f o r  any  a r b i t r a r y  element de f ined  by 
t h e  s p h e r i c a l  coord ina te s  ( e , @ ) .  For a f u l l y  o r i e n t e d  
medium i f  eve ry  element i s  o r i en ted  a long  33 -d i r ec t ion  
under a cons t an t  s imple t ens ion  G then ( 2 1 )  can be 
expected t o  be t r u e  f o r  the e n t i r e  homogeneous s o l i d  as 
the  s t r e n g t h  behavior  of the e n t i r e  s o l i d  i s  r e p r e s e n t a b l e  
by t h a t  of an i n d i v i d u a l  element. Assuming t h a t  a l l  the 
elements  are  i d e n t i c a l  and would break when @(@,@,t) + VJb, 
t h en  t h i s  w i l l  s e rve  as  an adequate c r i t e r i o n  f o r  
o b t a i n i n g  the r equ i r ed  time-dependent f r a c t u r e  informa- 
t i o n .  O f  course,  o t h e r  maximum s t r a i n  c r i t e r i o n  o r  
maximum energy c r i t e r i a  may a l s o  be u s e d .  I f  w e  do no t  
assume any of those ,  t h e  n a t u r a l  c r i t e r i o n  which r e s u l t s  
from the d e f i n i t i o n  of f i s  tha t  f r a c t u r e  w i l l  occur  
when f + 0. 
and 'Ir/ = 'Ir/ then  i n t e g r a t i n g  (21 )  w e  g e t  
33' 
Now we cons ider  tha t  i n i t i a l l y  when t = 0, f = 1 
0 
T h i s  i s  the equat ion  g iv ing  the t ime-to-break for any 
i n d i v i d u a l  element a long  the d i r e c t i o n  i n d i c a t e d  by 
(e ,@) fcy 2n-J .,f# a c l  - +  + I, = n u. ~i(-x) i s  i h e  exponen t i a l  
i n t e g r a l  of argument x defined by 
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-Ei  ( -x) = [$ dy 
From t h e  d e f i n i t i o n ,  ’@ ( e , @ )  = Eemsmsn a t  t = 0 
s u b s t i t u t i n g  i n t o  ( 1 7 )  we g e t  
t hen  
CI = EC e i j  i j m n  mn 
where 
I f  we d e f i n e  Bijm a s  t h e  i n v e r s e  of Cijm such t h a t  
t h e n  
0 - (5 = Bijm mn Eem - Bijmn i j  
and f i n a l l y  
?c/ (e ,@> = BijmnOiJSmSn 
Here b o t h  Cijm and Bijm a r e  func t ions  of o r i e n t a t i o n  
s t r a i n  E ” ~ .  Then (22)  can be  expressed as  
1 
b b  
t = r [ E i ( - @ ? b b )  - E i ( - @ B  i jmn (5 mn s . s  1 J . ) I  
which e s s e n t i a l l y  g i v e s  tb = t b ( o i j , s i ) .  
from ( 2 9 )  t h a t  t h e  elements  o r i e n t e d  i n  d i f f e r e n t  
d i r e c t i o n s  i n i t i a l l y  w i l l  b reak  a t  d i f f e r e n t  t i m e s ,  and 
t h e  choice  of t h e  t ime-to-break f o r  t h e  e n t i r e  s o l i d  
becomes ve ry  d i f f i c u l t  o r  a r b i t r a r y .  However, a s ta-  
t i s t i c a l  average w i t h  r e s p e c t  t o  t h e  d i s t r i b u t i o n  
f u n c t i o n  p(B,@, E )  w i l l  hope fu l ly  g ive  a more r e p r e s e n t a t i v e  
va lue  t o  tb. For a continuous d i s t r i b u t i o n  of elements,  
as i n  t h e  p r e s e n t  case,  t h e  average representative time- 
to -break  5, may be given by 
It i s  obvious 
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I f  p(B,@,&)  as def ined  i n  ( 2 )  i s  considered,  then  (30) 
be c ome s 
S u b s t i t u t e  (29) i n  (31), w e  ob ta in  
d ~ 0 / 2 ~ ]  (32)  (1 + E ) 3  E i  (-mi jm u i j  s s )  
2 2 3/2 [cos  8 + (1 + E13sin e ]  
For  an i s o t r o p i c  s o l i d  E = 0, t h e n  
I 
Evalua t ion  of t h e  i n t e g r a l  (33) w i l l  g ive  t h e  r equ i r ed  
r e s u l t .  
It may be emphasized t h a t  such e x p l i c i t  r e s u l t s  
cannot be obta ined  i f  the  re format ion  p rocesses  are  
cons idered  i . e .  Kr 0 i n  ( 5 ) .  
To o b t a i n  some i n t u i t i o n  about  the r e s u l t s  i n  (32), 
l e t  u s  cons ide r  a t r iax ia l  s t a t e  of stress oll = u 




shown3 tha t  Bijm CT i j  s s = 30. S u b s t i t u t i n g  i n t o  ( 2 4 )  




t = T [ E i ( - B q h )  " - Ei ( -S@o) ]  b 
which has a behavior  a s  shown i n  F ig .  2. T h i s  i s  
(34) 
13 
q u a l i t a t i v e l y  similar t o  t ha t  given e a r l i e r 4  when 
r e fo rma t ion  p rocesses  a r e  neglec ted .  
e n f o r c e s  a n a t u r a l  l i m i t a t i o n  on the  maximum value  
a of 0 s i n c e  Tb cannot b e  nega t ive .  
i s  given by s e t t i n g  zb = 0 i n  (34 )  t o  be $$/3. 
r e s u l t s  can a l s o  be obtained when d i f f e r e n t  p o s s i b l e  
l o a d i n g s  and o r i e n t a t i o n s  a r e  considered.  
Equation (34)  
T h i s  value am 
m 
S i m i l a r  
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